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Abstract

A bottleneck for multi-timescale modeling is the computation of activation energies(or poten-
tial energysurface,PES). Weexplorethe useof geneticprogramming (GP)|a geneticalgorithm
that evolves computer programs|to perform symbolic regressionto create a local mapping of
the activation energyfor any possiblecon¯guration, thereby avoiding explicit calculation of the
entire PES. To exemplify the ideas, we apply a simple GP to vacancy-assistedmigration on
a surface of an fcc Ax B1¡ x alloy. The GP predicts activation energieswithin 1% error using
explicit calculations for lessthan 3% of the total active con¯guration. Theseinitial results scale
kinetic (Monte Carlo) simulations by » 9 orders in time at 300K over molecular dynamics, with
lessCPU time.

Molecular dynamics (MD) simulations have beenextensively used for kinetic modeling of ma-
terials. However, MD methods are limited to several nanosecondsof real time, and hencefail to
model directly many processessuch as thin-¯lm growth. Recently , several approaches have been
proposedfor multiscale modeling (Voter, 1997;Voter, 1998;Voter, Montalenti, & Germann, 2002;
Jacobsen,Cooper, & Sethna, 1998; Diaz De La Rubia, Caturla, Alonso, Fluss, & Perlado, 1998;
Henkelman & J¶onsson,1999; S¿rensen& Voter, 2000; Cai, Kalos, de Koning, & Bulatov, 2002;
Steiner & Genilloud, 1998; Barkema & Mousseau,1996; Barkema & Mousseau,2001). Methods
such as hyperdynamics (Voter, 1997), parallel replica temperature-accelerateddynamics (TAD)
(Voter, 1998), and parallel replica (S¿rensen& Voter, 2000), provide signi¯cant acceleration of

1



MD, but still fall 3{6 orders of magnitude short of real processingtimes. These methods assume
that transition-state theory applies, and concentrate only on infrequent events. An alternativ e
approach to bridge timescalescombines MD with kinetic Monte Carlo (KMC) (Jacobsen,Cooper,
& Sethna, 1998). The implementation assumesan underlying lattice and the KMC relies on an
a priori list of events. However, the method is restricted to pure systemsbecauseof its need to
tabulate activation barriers. Tabulating activation energiesfrom a (possibly innumerable) list of
events is a very seriouslimitation. For example, alloys have an impossibly large set of activation
barriers making their tabulation impractical, especially from ¯rst-principles.

In order to avoid the needor expenseof explicit calculation of all activation barriers|frequen t or
infrequent|and thereby facilitate an e®ective hybridization of MD and KMC for multiscale model-
ing, weutilize geneticprogramming (GP)|a geneticalgorithm that evolvescomputer programs|to
interpolate/extrap olate PES from calculated activation energiesof a limited set of con¯gurations.
To demonstrate the e®ectivenessof our methodology, we brie°y discussGP and addressthe non-
trivial caseof vacancy-assistedmigration on (100) surface of phase-separatingCuxCo1¡ x . The
results show that the GP predicts activation energieswithin 1% error using calculated PES of only
3% of the total active con¯gurations. For alloy problems, in particular, this technique can be fur-
ther combined with a local cluster expansiontechnique for barriers (Van der Ven & Ceder, 2001)
that should reducethe explicit activation-energycalculations to » 1/3% of the active con¯gurations.
Theseinitial results hold promise to scalekinetics simulations via KMC by about 9 orders in time
over MD at 300 K. Moreover, our methodology is completely general and holds promise not only
for material simulations, but also for example, for excitation chemistry.

Genetic programming (Koza, 1992) is a geneticalgorithm that evolvescomputer programs. The
program is represented by a tree consisting of functions in the internal nodesand terminals in the
leaf nodes(Fig. 1a). Here we usethe function set F = f + ; ¡ ; ¤; =;^; exp; sing and the terminal set
T = f ~x; Rg, where~x is a vector representing the active alloy con¯guration, and R is an ephemeral
random constant (Koza, 1992). Since we use GP for predicting PES, a tree represents a PES-
prediction function that takes a con¯guration and ephemeralconstants as inputs and returns the
activation energy for that con¯guration as output.

A tree's quality is measuredby a ¯tness function. For this, we calculate activation energies,
f ¢ Ecalc (~x1) ; ¢ Ecalc (~x2) ; ¢¢¢; ¢ Ecalc (~xM )g, for M random con¯gurations, f ~x1; ~x2; ¢¢¢; ~xM g. These
con¯gurations are usedasinputs to the tree and the activation energies,f ¢ Epred (~x1) ; ¢ Epred (~x2) ;
¢¢¢; ¢ Epred (~xM )g, arepredicted. The ¯tness is then computedasa weighted averageof the absolute
error betweenthe predicted and calculated activation energies:

f =
1

M

MX

i =1

wi j¢ Epred (~x i ) ¡ ¢ Ecalc (~x i )j (1)

with wi = j¢ Ecalcj¡ 1, which givespreferenceto accurately predicting lower energy(most signi¯cant)
events.

Unlike traditional search methods, GP usesa population of candidate solutions (PES prediction
functions) that are initially createdusing the ramped half-and-half method (Koza, 1992). Once the
population is initialized and evaluated, the following genetic operators are repeatedly applied till
one or more convergencecriteria are satis¯ed:

Selection allocates more copies to solutions with better ¯tness values. We use an s-wise tour-
nament selection (Goldberg, Korb, & Deb, 1989), where s candidate solutions are randomly
chosenand pitted against each other in a tournament. A solution with the best ¯tness wins.

Recom bination combines bits and piecesof two solutions to create a new, hopefully better solu-
tions. This study usessubtree crossover(Koza, 1992), where an edgeis randomly chosenas
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Figure 1: Illustration of tree representation, subtree crossover, subtree mutation, and point muta-
tion usedin GP.

a crossover point for each solution. The subtreesbelow the crossover points of the solutions
are swapped to create two new solutions as shown in Fig. 1.

Mutation locally but randomly modi¯es a solution. We use two mutation techniques (seeFig.
1): Subtree mutation, where a subtree is randomly replaced with another randomly created
subtree, and point mutation where a node is randomly modi¯ed.

CASE STUD Y: To demonstrate the e®ectivenessof GP, we consider the PES prediction of
vacancy-assistedmigration on (100) surface of phase-separatingCuxCo1¡ x , as illustrated in Fig.
2. The test system consists of ¯v e layers with more than hundred atoms in each layer. The
bottom three layersare held rigid and ¯xed to their bulk values,while the top two layersare either
held rigid (as a test) or fully relaxed via MD. We consider only ¯rst and secondnearest-neighbor
(n.n.) jumps. Even with millions of alloy con¯gurations, only the environmental atoms locally
around vacancy and migrating atom signi¯cantly in°uence the barrier heights on PES. We refer
to these as the active con¯guration. Therefore, we consider ¯rst n.n. (as a test) and secondn.n.
environmental atoms as shown in Fig. 2. The number of such active con¯gurations when 1st and
2nd n.n. environmental atoms are consideredis shown in Table 1.

For simplicit y, we model the atomic interactions using the Morse potential (Girifalco & Weizer,
1959),although we obtain the sameresults with Lennard-Jonesand Double-Yukawa potentials. To
validate interactions, we model vacancy-assistedmigration on (100)-surfaceof pure Cu and consider
only n.n. jumps, allowing the non-border atoms in the top two layers to fully relax. The predicted

Table 1: Number of active con¯gurations for 1st and 2nd n.n. jumps, and for 1st and 2nd n.n. active
atoms

1st n.n. jumps 2nd n.n. jumps
1st n.n. active con¯gurations 128 128
2nd n.n. active con¯gurations 2048 8192

Total con¯gurations À 2100 À 2100
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Figure 2: Vacancy-assistedmigration on (100)-surfaceof A xB1¡ x phase-separatingalloy. Atoms
in all but the bottom layers and the boundary can fully relax. The solid and dashedlines around
the migrating atom and vacancyrepresent 1st and 2nd n.n environmental atoms, respectively. Each
layer consistsof 100{625 atoms.

activation energy for n.n. vacancy jumps in pure Cu is 0.39 eV, which compareswell to 0.42§ 0.08
(0.47§ 0.05) from ab initio (EAM) (Boisvert & Lewis, 1997) calculations.

Wenow considerthe PESprediction for vacancy-assistedmigration on (100)-surfaceof CuxCo1¡ x

via GP. The input to the PES prediction function, ~x = f x j g is a binary-encoded vector sequence,
where x j = 0 (1) represents a Cu (Co) atom. For simplicit y, we begin by considering only seven
1st n.n. environmental atoms yielding 128 active con¯gurations. About 20 (that is, 16%) di®erent
active con¯gurations are randomly chosen and their activation energiesare computed using the
conjugate-gradient method and are usedin the ¯tness function for GP (seeEq. 1). The activation
energiespredicted by GP for all the active con¯gurations are comparedto the exact valuesin Fig.
3, both when the atoms are held rigid (as a test) and fully relaxed. The con¯guration number (ab-
scissain Fig. 3) is the integer equivalent of a binary number representing an active con¯guration.
As expected the prediction error for rigid lattice case(0.4§ 0.04%) is signi¯cantly lessthan that for
relaxed lattice case(2.8§ 0.08%). Also, due to the weighting procedureusedin the ¯tness function,
GP predicts activation energiesfor most signi¯cant events more accurately than for lesssigni¯cant
higher energyevents.

To test the scalability of GP with active con¯guration size,we considerthe 2nd n.n. jumps and
1st and 2nd n.n. environmental atoms in the active con¯guration. As shown in Table 1, there are
a total of 8192con¯gurations for this case.The activation energiespredicted by GP are compared
with exact calculations in Fig. 4(a). For better visualization, we have sorted the exact activation
energyvaluesin ascendingorder and usedthe sort index as the transformed con¯guration number
(However, the random unsorted con¯gurations and their activation energieswere used in GP).
Figure 4(b) plots the error in PES prediction as a function of percentage of active con¯gurations
calculated and usedin the GP for rigid and relaxed lattices. The ¯gure shows that GP predicts the
PESfor most signi¯cant events with lessthan 0.1%error, and requiresactivation-energycalculations
for only 3% (that is, 256/8192) of the active con¯gurations. The averagerelative error in Fig. 4(b)
is given by

¹" rel =
1

N 0
cfgs

N 0
cfgsX

i =1

¯
¯
¯
¯
¢ Epred (~x i ) ¡ ¢ Ecalc (~x i )

¢ Ecalc (~x i )

¯
¯
¯
¯ £ 100; (2)

where N 0
cfgs is the number of con¯gurations within the desiredenergy range, seeFig. 4.
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Figure 3: Activ ation energies(in eV) predicted by GP (crosses)compared to energiescalculated
(squares)and used in GP regression(circles) for 1st n.n. jumps on (100)-surfaceof Cu0:5Co0:5 for
(a) rigid and (b) relaxed lattices. For better visualization, only ¯rst n.n. environmental atoms are
consideredin the active con¯guration.

The results shown in Figs. 3 and 4 clearly demonstrate the e®ectivenessof GP in predicting
the potential energy surface. As expected, we ¯nd that the GP performance does not depend
on the potentials used; the sameresults are found for Lennard-Jones,Double-Yukawa, or Morse
potentials. We also ¯nd that the GP performance is independent of the con¯guration set that is
usedin calculating the ¯tness function, the order in which they are used,and the mechanism used
to convert the con¯guration into a vector of inputs. Di®erencesin activation-energy scaleon the
PES prediction via GP is also negligible. That is, even though the activation energiesfor the 1st

and 2nd n.n. jumps di®er by an order of magnitude, GP predicts the PES with lessthan 1% error,
requiring activation-energy calculations for only 3% of the active con¯guration (see 1 regarding
more complex cases).

To estimate the potential time enhancements by coupling KMC with the PES prediction ob-
tained via GP, we provide a simple estimate. Recognizingthat event occurrencein KMC follows a
Poissondistribution, the real time in KMC is given by (Fichthorn & Weinberg, 1991)

¿r =
NKMCX

j =1

¡ ln(U)
P N cfgs

i =1 º o exp[¡ ¯ (¢ E (~x i ))]
; (3)

where NKMC is the number of Monte Carlo steps, U 2 (0; 1] is a uniform random variable, N cfgs

is the number of active con¯gurations, º o ¼ 27£ 1012 Hz is a prefactor for Cu (Boisvert & Lewis,
1997). By coupling PES prediction via GP with KMC, we can potentially obtain, per time step of
KMC relative to MD, 9 orders of magnitude increasein time over MD at 300 K, 4 orders at 650K,
and 2.3 orders at 1000 K. Here, we assumea MD time-step of 10¡ 15 s. The actual increaseover
MD will in fact be much larger becausea KMC time step requires lessCPU time than that of MD.

To summarize,potential energysurfaceprediction via geneticprogramming (GP) holds promise
as an e±cient tool for multi-timescale simulations. The GP approach avoids the need or expense
of calculating the entire PES, and leadsto an enormousscale-upin time over MD by producing a
mapping of the entire PES. While it appearsthat we\get somethingfor nothing", weemphasizethat

1For long-range ¯elds (for example, elastic ¯elds from coherent interfaces, such as multila yers or precipitates), a
description basedsolely on local con¯gurations may have to be extended, say, with phase ¯eld methods.
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Figure 4: (a) Calculated activation energies(in eV) comparedto GP predicted values for 2nd n.n.
jumps on (100)-surfaceof Cu0:5Co0:5 with fully-relaxed lattices and active con¯gurations up to 2nd

n.n environmental atoms. (b) GP predicts activation energiesfor most signi¯cant events (¢ E <
4.8 eV) with 0.1% error and other events (¢ E > 4.8 eV) with 1% error via regressionbasedon
PES of 3% of the active con¯guration. Results in (b) are averagedover 50 independent runs.

the GP is non-trivially regressinga functional and its coe±cients that numerically approximates
the PES. The symbolic regressionis nonethelessproblem dependent requiring selectionof operators
and functions.

We have shown on a non-trivial exampleof vacancy-assistedmigration on a surfaceof CuxCo1¡ x

that GP predicts activation energiesfrom 0.1{1% error using PES calculations for only 3% of active
alloy con¯gurations, allowing secondsof simulation time. For alloy problems, we believe that the
number of direct PES calculations can further be reduced, by over an order of magnitude in 3-
D bulk systems, by hybridizing GP with cluster expansion methods for local activation barriers
(Van der Ven & Ceder, 2001). The proposed GP method is general and potentially useful for
reaction chemistry, which we are now investigating.
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