Fitness Inh eritance in Mu Iti-Objective Optimization

Jian-Hun g Chen
David E. Goldberg
Shinn-Ying Ho
Kumara Sastry

IIGAL Report No. 2002017
June, 2002

lllinois Gendic Algorithms Laboratory (I1liGAL)
Department of Genegal Engineaing
University of lllinois at Urbana-Champaign
117 Transportation Building
104 S. Mathews Avenue, Urbana, IL 61801
http://wwilligal.ge. uiuc.edu



Fitness Inheritance in Multi-Objective Optimization

Jian-Hung Chen, David E. Goldberg, and Kumara Sastry
lllinois Gendic Algorithms Laboratory (I1liGAL)
Department of Genegal Engineeing
University of lllinois at Urbana-Champaign
104 S. Mathews Ave, Urbana, IL 61801
j h. chen@eee. org, deg@i uc. edu, ksastry@i uc. edu

ShinnYing Ho
Department of Information Engineering
Feng Chia University,
Taichung 407, Taiwan
syho@cu. edu. tw

Abstract

In real-world multi-objective problems, the evaluation of objective functions usually requires
alarge amount of computation time. Moreover, dueto the curse of dimensionality, solving multi-
objective problems often requires much longer computation time than solving single-objective
problems. Therefore, it is essential to develop e ciency enhancement techniques for solving
multi-objective problems. T hispaper investigates tnessinheritance asaway to speed up multi-
objective genetic and evolutionary algorithms. Convergence and population-sizing models are
derived and compared with experimental resultsin two cases. tnessinheritance without tness
sharing and tness inheritance with tness sharing. Results show that the number of function
evaluations can be reduced with the use of tness inheritance.

1 Introduction

For many large-scale and real-world problems, the tness evaluation in genetic and evolutionary
algorithms may be a complex simulation, model or computation. T herefore, even this subquadratic
number of function evaluationsis rather high. Thisis especially the case in solving multi-objective
problems. It isnot only because the number of the objectivesto be evaluated is increased, but also
the curse of dimensionality may increase the convergence time of genetic algorithms (GAs). Asa
result, it is bene cial to utilize e ciency enhancement techniques (EETS) in multi-objective GAs.

In practice EET s have improved the performance of GAs. Many real-world applications of GAs
usually use EETs to improve the speed, ranged from parallel computing, dis-tributed computing,
domain-speci ¢ knowledge, or cheaper tness functions. Recently, Sastry (2002 pro-posed an an-
alytical model for analyzing and predicting behavior of single-objective GAs with EETs. However,
due to the popularity of multi-objective GAs, there is a need to investigate multi-objective GAs
with EETs. In this paper, one EET called tnessinheritanceis modeled and optimized for greatest
speedup. In tness inheritance, an o0 spring sometimes inherits a tness value from its parents
rather than through function evaluations.

Theobjective of thispaper istomodel tnessinheritance and to employ thismodel in predicting
the convergence time and population size required for the successful design of a multi-objective GA.
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Figure 1. Fitness inheritance in multi-objective GAs

This paper is organized in the following manner. Section 2 brie y reviews the past works on EETs
and tness sharing. Section 3 describes the bicriteria OneMax problem and tness inheritance,
and derives convergence-time and population-sizing models for multi-objective GAswith EETSs, as
well as the optimal proportion of inheritance, the speed-up. The experimental results on tness
inheritance with and without tness sharing are presented in Section 4. The paper is concluded in
Section 5.

2 Background

As background information, a brief review of the tness inheritance literature is rst presented.
Then, abrief summary on how to incorporate tnessinheritancein multi-objective GAsisprovided.
Since tness inheritance with and without tness sharing will be discussed in this paper, section
2.2 presents a brief summary on tness sharing.

2.1 Literature Review

Smith, Dike and Stegmann (1995 proposed two ways of inheriting tness, one by taking the
average tness of the two parents and the other by taking a weighted average of the tness of the
two parents. Their resultsindicated that GAswith tnessinheritance outperformed those without
inheritance in both the OneMax and an aircraft routing problem. However, theoretical analysisin
this paper was limited to considering a ywheel e ect that arises in the schema theorem. Zheng,
Julstrom, and Cheng (1997) used tnessinheritance for the design of vector quantization codebooks.
A recent study by Sastry (2001)developed atheoretical framework for analyzing tnessinheritance,
and discussed how to determine the optimal pro-portion of tnessinheritance and speed-up of using

tness inheritance in single-objective GAs. However, until now, there is no study on using tness
inheritance for multi-objective GAs.



2.2 Fitness Inh eritance

In tness inheritance, the tness of all the individuals in the initial population are evaluated.
Thereafter, the tness of some proportion of individuals in the subsequent population isinherited.
Thisproportion iscalled theinheritance proportion, pi. Theremaining individualsreceive evaluated
tness. If none of the individuals receive inherited tness(p; = 0), all the individuals are evaluated
as usual, then no speed-up will be obtained. On the other hand, if all the individuals receive
inherited tness (p; = 1), it means that none of the individuals are evaluated. Thereafter, the
tness diversity in the population will vanish rapidly and the population will premature converged,
so that GAswill fail to search the global optimum. Asaresult, it isimportant to choose an optimal
inheritance proportion, so that maximum speed-up will beyielded. The owchart of multi-objective
GAswith tnessinheritanceis shownin gure 1.
There are several di erent ways to inherit tness (objective tness values), such as weighted-
sum. For a multi-objective problem with z objective, tness inheritance in multi-objective GAs

can be de ned as
Waf z:p1 + Wof 20

L, 1)
where f, is the tness value in objective z, wl, w2 are the weights for the two parents pi1, po,
and f(z;p1), f(z;p2) isthe tness values of p1;p; in objective z, respectively. In practice, tness
inheritance can be performed on all the objectives or just several objectives. In this paper, we
assume that all the objective receives inherited tness from the parents, and the inherited tness
(objective values) is taken to be the average of the two parents. Therefore, wy; and w, are set to 1.

f,=

2.3 Fitness Sharing Revisited

Most multi-objective problems have multiple Pareto-optimal solutions. This usually causesdi cul-

tiesto any optimization algorithm in nding the global optimum solutions. In prior GA literature,

there have been many niching methods on how to promote and maintain population diversity. Fit-

ness sharing, proposed by Goldberg and Richardson (1987), may be the most widely used niching

method in solving multi-modal and multi-objective problems. The basic idea of tness sharing is

to degrade the tness of similar solutions that causes population diversity pressure. The shared
tness of an individual i is given by

Fshi = —; (2)

where F; isthe tness of the individual, and mi is the niche count, which de nes the amount of
overlap (sharing) of the individual i with the rest of the population. The niche count is calculated
by summing a sharing function over all individuals of the population:
X
mi = sh(d;;): 3)
j=1
Thedistanced;;; representsthe distance between individual i and individual j in the population,
determined by a similarity metric. The similarity metric can be based on either phenotype or

genotype similarity. If the sharing function determines that the distance is within a xed radius
sh, it returns a value, as equation (4).

1 (%) if dij < sn;

sh(di;j) =
(chj) 0 oth er wise:

(4)

The parameter isusually set to 1. sh isoften conservatively estimated.
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3 Fitness Inh eritance in Mu lti-Objective Optimization

In this section the bicriteria OneMax problem is extended from OneMax problem for analyzing
multi-objective GAswith tnessinheritance. In this section, a brief summary of tnessinheritance
is also presented.

3.1 Bicriteria OneMax Problem

The OneMax or bit-counting problem is well-known and well-studied in the context of GAs. The
OneMax problem is a bit-counting problem where tness value of each binary string is equal to the
number of one bitsin it. Accordingly, the optimum binary string isan all 1sstring. The simplicity
of the OneMax problem makes it a prime candidateto study the e ect of tnessinheritance on the
performance of GAs. In order to investigate the performance of multi-objective GAs with tness
inheritance, we develop the bicriteria OneMax problem for analyzing multi-objective GAs with
tness inheritance. The bicriteria OneMax problem is de ned by
f(s;x1) =

. )
M aximize f(s:xp) =

d(s: x2)’ ©)
where string s is the string to be evaluated, x;, and X, are two Xxed string, the string length
is |, and ds:x is the hamming distance of two string. If the xed string x is all 1s string, then
the corresponding objective function will be the OneMax problem. The number of Pareto-optimal
solutions, m, in the bicriteria OneMax problem can be calculated by

m = 2d(x1:x2). (6)

In this paper, unless otherwise mentioned, x; isall 1s string, and x, isall 1s string except the rst
four bits of x5 is 0s.

3.2 Time to Convergence

In this section we derive convergence-time model for the bicriteria OneMax problem with tness
inheritance. For OneMax domain, the convergence model can be derived by using the response to
selection equation (Mwehlenbein & Schlierkamp-V oosen, 1993),

4f =fe1 fr=1 ¢: (7)

This equation was derived by calculating the di erencein mean tness of two populationsusing the
sdection intensity |, the population's tness variance ]? at timet. Sastry (2001) extended this
model for tnessinheritancein single-objective GAs. T his convergence model derived by Sastry is
reproduced below:

p
4f =fer1 fe=1 1 p¢: (8)

Now, we can proceed to derive the convergence model for the bicriteria OneMax problem by ex-
tending equation (8). Based on the concept of tness sharing, assumed that the population were
divided into several subpopulations (niches), and each niche optimizes its own separate One-Max
problem. Therefore, the optimizing process for the bicritiera OneMax problem can be regarded as
optimizing several OneMax problems simultaneously. Since niches are from the same population,
each niche will receive external noise from other niches. As a result, we can use the OneMax model
with noisy tness functions (Miller, 1997 to predict convergence time in the presence of external



noise caused by niches. For each niche, the convergence model for the bicriteria OneMax problem

can be expressed as )

p

4f =fw1 =11 pﬁﬁ? %)
ft N

where 2 isthe noise variance from other niches.
Let M bethe number of niches in the population, and

q

2. 2

fr N
9_72
f

Assumed that each niche has same proportion of correct BBs, let p; be the proportion of correct
BBsin the niche at generation t. For the OneMax domain, the mean tness at generation t equals
Ip, the tnessvariance can be approximated by Ip;(1 pt), and the noise variance from other niches
can be approximated by (M 1)p:(1 pt). The population is converged to optimal when p; = 1.
Equation (9) now yields r
Pt Pz - |p'p Pl p): (10)

e

Approximating the above equation with a di erential equation and integrating this equation using
the initial condition pji=o = 0:5, we get

r
2 .1t 1 p
4 2. [

p; = sin

(11)

Then we can derive an equation for convergence time, teony, by equating p; = 1, and inverting

equation (11), s

teonv = a1 e (12)

Pi
Finally, we can yield s

| M 1
1+ :
1 p |

teonv = j (13)

If p istaken as 0, and M istaken as 1, then the above relation reduces to
t = — 14
conv 2| ’ ( )

which agrees with existing convergence-time models for the OneMax problem. Generally, M can be
set to the number of nichesin the population or the number of Pareto-optimal solutionsin equation
(13). However, it isdi cult to determine M, because niches are often overlapped in the real-world
problems, and the number of niches in the population is always varied in the real runs of GAswith

tness sharing. The convergence-time model will be examined and compared with experimentsin
the later section.

3.3 Population Sizing

Selecting a conservative population size reduces the chance of premature convergence, and it also
in uences the quality of the solution obtained. Therefore, it isimportant to appropriately size the



Figure 2. Total number of function evaluations predicted by equation (17) with a failure rate of
0.0001

population to incorporatethee ectsof tnessinheritance. For the OneMax problem, the Gambler's
Ruin population-sizing model (Harik et al., 1997 can be used to determine the population-sizing
model. Sastry (2001) extend this model for tness inheritance. This population-sizing model
derived by Sastry is
2 1n( P9 -

1 p f
where n is the population size, k is the building block (BB) length, isthe failure rate, and ]? is
the variance of the noisy tness function. For an OneMax with string length 100 k = 1, fz = 25

Assuming the population were divided into M niches, and each niche optimizes for its own sep-
arate OneMax problem. Similar to the population-sizing model for the bicriteria OneMax problem,
we can extend this model by using the OneMax model with noisy tness functions (Miller, 1997)
to predict population-sizing in the presence of external noise caused by niches. The population
model for the bicriteria OneMax problem can be writt en as

2k i ymP —d
1 p?

(15)

n=

f2+ ﬁ; (16)

where § isthe noise variance from other niches, and M is the number of niches.
The population-sizing model will be examined and compared with experiments in the later
section.

3.4 Optimal Inh eritance Proportion and Speed-up

Given a problem there should be a range of inheritance proportionsthat are moree cient than the
others. An inappropriate inheritance proportions would not reduce the number of function evalu-
ations. For large sized problems, Sastry's study indicates that the optimal inheritance proportion,
pi, lies between 0.54 -0.558 T he total number of function evaluations required can be calculated
by

Nfe = Nfteonv(l pi) + pil: (17)
From the equation (10) and equation (13), we can the predicted the total number of function
evaluations required, as shown in gure 2.



The speed-up of tnessinheritanceisde ned astheratio of number of function evaluationswith

p1 = 0to the number of function evaluation at optimal pi. From the practical view, a user usually
xes the population size and then optimizes the proportion of tness inheritance. Therefore, the
optimal proportion of tness inheritance with a xed number of population size can be obtained
by the inverse of equation (16).

r
3

pp= %1 ; (18)

n
q___

where = 2% lin( )M ( 2+ 2). Equation (18) indicates that if the population is larger
than , thelarger the population size, the higher of inheritance proportion can be used.

Figure 3: Convergence time for a 100-bit bicriteria OneMax problem for di erent proportion of
inheritance predicted by equation (13) compared to experimental results.

Figure4: Veri cation of the population-sizing model for variousinheritance proportionswith empir-
ical results. The curves are analytical results of Onemax problem and bicriteria OneMax problem,
respectively. Experimental results depict the population size required for optimal convergence with
failure rate of 0.0001



4 Experiments And Results

The experiments were performed using selectorecombinative GAswith binary tournament selection,
and uniform crossover with crossover probability of 1.0. No mutation operator isused. The sharing
factor shisset to50. The tnessassignment strategy we used is proposed by Ho (1999), isde ned
by

F(X)=p g+gc (19)

where p is the number of individuals which can be dominated by the individual X, and q is the
number of individuals which can dominate the individual X in the objective space. To ensure a
positive tness value, a constant ¢ is added. Generally, the constant ¢ can be assigned using the
number of all participant individuals. All experiments were performed 30 runs using the 100-bit
bicriteria OneMax problem.

Asto M in equation (13) and equation (16), considering the bicriteria OneMax problem and
assuming perfect niching, M can be set to 2. Because better mixing of BBs is able to generate
other Pareto-optimal solutions from x4 and x»,. It should be an approximated lower-bound for the
comparison with experimental results. However, it is noted that, in the real runs of GAs with

tness sharing, M is varied in the population. Therefore, equation (13) and equation (17) is also
varied.

In order to investigate multi-objective GAs with tness inheritance, two kind of experiments,
ftiness inheritance without tness sharing and tness inheritance with tness sharing, were per-
formed and compared with analytical results. However, since multi-objective GAs without tness
sharing may lead to only some niches. Therefore, for tness inheritance without tness sharing,
the algorithm used an external non-dominated set to store the non-dominated solutions during its
search process.

Figure 5: Total number of function evaluations predicted by equation (17) compared to experimen-
tal results. The curves are the analytical results of 100-bit Onemax problem and 100-bit bicriteria
OneMax problem, respectively.

4.1 Fitness Inh eritance Without Fitness Sharing

T he convergence time observed experimentally is compared to the above prediction for a 100-bit
bicriteria OneMax problem in gure 3. Although tness sharing was not used, the results indicate



tness inheritance is able to nd all the Pareto-optimal solutions during the search process. The
discrepancy between the empirical and analytical results may due to some niches disappear out
of the population. Therefore, multi-objective GAs will focus the search on the remaining niches.
When there is only one niche left, it lead to that all the population is optimizing an OneMax
problem.

The population-sizing model is compared to the results of 100-bit OneMax problem and the
results obtained for a 100-bit bicriteria OneMax problem and in gure 4. From the plot it can be
easily seen that when the proportion of tnessinheritanceis smaller than 0.4, our population-sizing
model tsthe experimental result accurately. However, when the proportion of tnessinheritanceis
bigger than 0.4, the experiments results get closer to the analytical results of the OneMax problem.
It is because when the proportion of inheritance is higher, the diversity of population becomes
lesser. So that the search was focused on the remaining niches when some niches disappeared
during the search process. As a result, the convergence time of tness inheritance without tness
sharing is varied and may be lower then the analytical results predicted by equation 13.

By using an appropriate population size and proportion of tness inheritance and from the
equation (13) and equation (16), we can the predicted the total number of function evaluations
required and compared with experimental results, as shown in gure5. The above resultsindicates
the optimal inheritance proportion lies between 0.6 - 0.8 for tness inheritance without tness
sharing. The speed-up is around 1.4. In other words, the number of function evaluations with
inheritance is around 40% less than that without inheritance. This implies that we can get a
moderate advantage by using tnessinheritance. The discrepancy between our results and Sastry's
study occurs due to the disappearance of niches.

Considering the xed population size, the speed-up isdi erent to the speed-up obtained above.
From gure 6, it can be seen that if the population size is 200Q then tness inheritance can yield
a speed-up of 3.4. Theresult agrees with that obtained by Sastry (2001)

Figure 6. Total number of function evaluations for various proportion of tness inheritance at
di erent population sizes.

4.2 Fitness Inh eritance With Fitness Sharing

In section 4.2, the experiments were performed using tness inheritance with tness sharing. The
external non-dominated set was not used.



Figure 7. Convergence time for di erent proportion of inheritance predicted by equation (13)
compared to experimental results using tnessinheritance with tness sharing.

Recalling the de nition of tness sharing in section 2.3, we know that tness sharing will de-
grade the tness of similar individuals, so that these individuals will have smaller opportunity to
be selected into the next generation. However, considering tness inheritance with tness shar-
ing, an individual inherits tness (objective value) from its parents. So the objective values are
approximated. Then the dummy tness is assigned according to the approximated objective val-
ues. Therefore, the dummy tness is also approximated. Apparently, if some individuals are
over-estimated and receive better tnessthan their actual tness, tnesssharing will also maintain
these individuals. Asaresult, when tnessinheritanceisused with tness sharing, we expect that
over-estimated individuals are likely to survive in the population and a ect other solutions as the
proportion of inheritance increased.

Figure 7 and gure 8 present the convergence model and population-sizing model observed
for 100-bit bicriteria OneMax problem using tness inheritance with tness sharing. When the
inheritance proportion is smaller than 0.7, the experimental results t the predicted convergence
model and population-sizing model. However, when the inheritance proportion is bigger than 0.8,
GAswith tnessinheritanceand tnesssharing cannot convergeto all the Pareto-optimal solutions.

Figure 9 presents the distance to Pareto front of both actual and inherited tness for the
experimental results with inheritance proportion 0.9. It indicates that the search process was
divided into two phases. In this rst phase, tnessinheritance proceeded well. The second phase
started around the 40th generation. Some individuals were approximated to better tness and
maintained by tness sharing. Due to the high inheritance proportion, these inferior individuals
mixed with other individuals. Finally the population was lled with incorrect individuals. This
phenomenon explains the discrepancy between empirical and analytical resultsin gure 7.

Thepredicted number of function evaluationsis compared with experimental resultsin gure 10.
The speed-up is around 1.25. The discrepancy between our results and analytical results may due
to the number of niches, M, is varied in the real runs of GAs with tness sharing. some inferior
individuals are maintained by tness sharing, and then mixed with other niches. Therefore, more
function evaluation timesarerequired. Thismay bethe overhead in using GAswith tnesssharing.

In summary, the experimental results of tness inheritance with tness sharing indicate that
the proportion of inheritance lies between 0.4 -0.5, so that incorrect niches will have lesser chance
to be maintained by tness sharing. The result is slightly di erent to the optimal proportion of
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inheritance derived by Sastry.

Figure 8: Veri cation of the population-sizing model for tness inheritance with tness sharing
compared with empirical results. Experimental results depict the population size required for
optimal convergence with failure rate of 0.0001

Figure9: Thedistancetothe Paretofront of actual tnessand inherited tnessfor the experimental
results with inheritance proportion 0.9. The empirical results are averaged over 30 runs.

5 Conclusions

In this paper, we have developed a bicriteria OneMax problem and derived models for convergence-
time and population-sizing. The models have been analyzed in two cases. tness inheritance
without tness sharing and tnessinheritance with tness sharing. In the rst case, tnessinher-
itance yields saving on 40% in terms of the number of function evaluations. While using a xed
number of population size, tnessinheritance can yield a speed up of 3.4. In the second case, tness
inheritance yields saving to 25%.
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Figure 10: The distribution of function evaluations. The curve is the total number of function
evaluations predicted by equation (17) for optimal convergence of a 100-bit bicriteria OneMax
problem with a failure rate of 0.0001

Though the speed-up of tness inheritance seems to be modest, it can be incorporated with
parallelism, time continuation, and other e ciency enhancement techniques. In such case, a speed
up of 1.25 can be important.

Further studies on using complex inheritance techniques and incorporating tness inheritance
with state-of-the-art multi-objective genetic algorithms are still remains to be done.
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