Cluster Optimization Using
Extended Compact Genetic Algorithm

Kumara Sastry
Guanghua Xiao

IIliGAL Report No. 2001016
January, 2001

Illinois Genetic Algorithms Laboratory (IIiGAL)
Department of General Engineering
University of Illinois at Urbana-Champaign

117 Transportation Building
104 S. Mathews Avenue, Urbana, IL 61801



Cluster Optimization Using Extended Compact Genetic Algorithm

Kumara Sastry Guanghua Xiao
Department of General Engineering Department of Material Science & Engineering
ksastry@uiuc.edu gxiao@uiuc.edu

University of Illinois at Urbana-Champaign
Urbana, IL 61801

Abstract

This paper presents an efficient cluster optimization algorithm. The proposed algorithm
uses extended compact genetic algorithm (ECGA), one of the competent genetic algorithms
(GAs) coupled with Nelder-Mead simplex local search. The lowest energy structures of silicon
clusters with 4-11 atoms have been successfully predicted. The minimum population size and
total number of function (potential energy of the cluster) evaluations required to converge to
the global optimum with a reliability of 96% have been empirically determined and are O (n4'2)
and O (nS'Q) respectively. The results obtained indicate that the proposed algorithm is highly
reliable in predicting globally optimal structures. However, certain efficiency techniques have to
be employed for predicting structures of larger clusters to reduce the high computational cost
due to function evaluation.

1 Introduction

One of the challenging problems in computational chemistry is the determination of lowest energy
structures of atomic and molecular clusters. This can be attributed to the presence of a large
number of minima such clusters can possess. A cluster of only 13 atoms has more than 103 local
minima (Niesse & Mayne, 1996). Some studies (Hoare, 1979; Northby, 1987) estimate that the
number of local minima increase as rapidly as exp (nz), where n is the number of atoms in a
cluster. Wille and Vennik (1985) have proved that the determination of lowest energy cluster,
interacting under two-body central force, is an NP-hard problem. Therefore an exhaustive search
of all possible structures in not feasible, thus necessitating usage of global optimization techniques.

One of the promising global optimization techniques are Genetic algorithms (GAs) (Goldberg,
1989). GAs are search methods inspired by nature and are based on Darwin’s principle of survival
of the fittest. GAs employ a population of candidate solutions and utilize genetic operators like
reproduction, recombination, and mutation to create new candidates with higher fitness. Recently
a class of GAs called competent GAs have been proposed (Goldberg, 1999) which are far superior
to the conventional GAs. Competent GAs are defined as GAs that can solve hard problems quickly,
reliably and accurately. In essence, competent GAs take problems that were intractable with earlier
GAs and renders them tractable.

The objective of the current study is to employ extended compact genetic algorithm (ECGA)
(Harik, 1999), one of the competent GAs for the task of cluster optimization and to evaluate its
effectiveness in predicting globally optimal structures. Silicon clusters are taken as a test case. We
have successfully predicted optimal structures for small clusters (n = 4-11) and efforts are currently
under way to predict structures of bigger clusters. This paper is structured as follows: First we



present a brief literature review followed by a note on the atomic potential used in the present
study. Section 4 describes the parameter encoding procedure and a brief description of ECGA is
presented in section 5. The cluster optimization algorithms is described in section 6 and the results
obtained are discussed in section 7 followed by conclusions.

2 Literature Review

Recently there has been considerable interest in employing GAs for solving cluster optimization
problems (Niesse & Mayne, 1996; Gregurick & Alexander, 1996; Zeiri, Fattal, & Kosloff, 1995;
Iwamatsu, 2000; Hartke, 1993; Hartke, 1995). Judson (1997) has shown that GAs outperform
the traditional Monte Carlo based simulated annealing method. Zeiri (1997) reports that GAs
are superior to simulated annealing in predicting the geometry of Ar,Hs. GAs were successful
in predicting the optimal structure for Cgy (Deaven & Ho, 1995) atom and simulated annealing
failed for the same case. In the above study the authors used a geometric crossover to create
new individuals. Hartke (1993) used a simple GA to predict the structure of Siy and Sijp on a
semi-empirical potential. Gregurick et al. proposed a hybrid GA, in which they combined a binary
coded GA and a conjugate gradient local search. They reported significant improvement in the
performance when compared a GA without local search method. Niesse and Mayne (1996) modified
this hybrid GA by encoding real values instead of binary. Iwamatsu (2000) used a Nelder-Mead
simplex (Press, Flannery, Teukolsky, & Vettering, 1989) instead of a conjugate gradient technique
to predict the cluster structure of Si,, (n = 3-15).

In most of the studies on cluster optimization with GA, researchers have used operators like
proportionate selection, single point crossover, etc. Proportionate selection has various drawbacks,
the scaling problem being the foremost. Single point crossover is known to disrupt good building
blocks and thereby increase the convergence time as well as population size required. It has been
shown in recent works (Goldberg, Thierens, & Deb, 1993; Thierens, 1994; Thierens & Goldberg,
1993) that ensuring effective building block (BB) mixing is an integral part of efficient GA design.
These studies also showed that this could be achieved through a tight linkage of the set of alleles
belonging to a BB. Based upon this concept many novel competent GA designs have been proposed
which can be broadly classified into three groups; (1) Perturbation techniques like fast messy GA
(FMGA) (Goldberg, Deb, Kargupta, & Harik, 1993), gene expression messy GA (GEMGA) (Kar-
gupta, 1996), Linkage identification by nonlinearity check/Linkage identification by detection GA
(LINC/LIMD GA) (Munetomo & Goldberg, 1999), (2) Linkage adaptation techniques like linkage
learning GA (LLGA) (Harik & Goldberg, 1997), and (3) Probabilistic model based techniques like
extended compact GA (ECGA) (Harik, 1999) and Bayesian optimization algorithm (BOA) (Pe-
likan, Goldberg, & Cantu-Paz, 2000). Sastry and Goldberg (2000) successfully applied ECGA for
optimizing a binary fluid power cycle formulated as a nonlinear constrained problem. They also
reported semi-empirical relations for the convergence time and the population size required.

3 Silicon Potential

Many researchers have used either the empirical potential proposed by Stillinger and Weber
(1985) (SW) or the Tersoff potential (Tersoff, 1988) for calculating the potential energy of silicon
clusters. Tersoff potential is a two body potential where as SW potential is a two and three
body potential. However, although these potentials have satisfactorily predicted some bulk phase
properties, they are not accurate in predicting the structural properties (Gong, 1993). The three-
body term in SW potential becomes zero only for the perfect tetrahedron angle (~ 120°). On the



contrary, ab initio molecular dynamics calculations indicate a large peak at 60° and a smaller peak
at 100° (Gong, 1993). The Gong potential, based on SW potential, contains a correction in the
three-body term to incorporate not only the tetrahedral angle but also the preferred angle. The
Gong potential is of the following form

Utot = zn:v2(7;7j)+ Zn: ,U3(i7jak') (1)
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2 ‘ where Uyqy is the potential energy of the cluster, va(i, 5)
is the two-body term, v3(i, j) is the three-body term, r;; =
\ |75 — 7], and 6, is the angle subtended by rj; and 74; with

the vertex at i. A, B, p, q, a, A, v, ¢cg, and ¢y are the em-
pirical parameters determined by fitting to the bulk-phase
data and ab initio calculations. The angular part of the

Stillinger-Weber potential

gong potential is given by the term A {(cos O + )+ cl}
and it incorporates the preferred bond angle. A compar-
ison of the three-body term of SW and Gond potentials
for different angles is shown in fig. 1. Gong reported that
the structural properties predicted by his proposed poten-
tial agreed very closely with those obtained by ab initio
studies and also was a significant improvement over other
potentials. Iwamatsu (2000) has compared the optimal
Figure 1: Angular part of the three- structures predicted by the two-body, two-and-three-body
body term of SW and Gong poten- SW potentials and the Gong potentials for Si clusters (n=
tial. Reproduced from Iwamatsu, M. 3-15). In the current study we have used Gong potential
J. Chem. Phys. 112 10976 (2000) with both two-body and three-body terms to calculate the
total potential energy of a given cluster.
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4 Parameter Encoding

Traditionally GAs encode the variables into binary strings (Goldberg, 1989). However, recently
some researchers have employed real values instead of binary encodings for solving cluster opti-
mization problems (Zeiri, Fattal, & Kosloff, 1995; Niesse & Mayne, 1996; Iwamatsu, 2000). They
have reported significant improvement over binary coded GAs. However, in this study, we have
used binary codings since all the competent GAs proposed so far are for binary coded GAs and
linkage learning in real-coded GAs are still in the preliminary stages (Tsutsui, Goldberg, & Sastry,
2000).

The other choice to be made is the representation of the clusters. Earlier studies have employed
internal coordinates (inter-atomic distances), where as some of the recent studies have employed
space-fixed cartesian coordinates (Niesse & Mayne, 1996; Gregurick & Alexander, 1996; Zeiri, Fat-
tal, & Kosloff, 1995; Iwamatsu, 2000). The space-fixed coordinates require 3n variables, whereas
the internal-coordinates have n(n-1)/2 variables. Therefore, the space-fixed coordinates are more



X1 Y z1 Y, Zy X3 Y3 Z3 X4

i [ oE [Ja g ]

f SH| B0 RS IS W [NERN [PEAN SR B 'R B| ONN [NANE{RS:SH

B SH] NN OON N0 ISNNCINNCEN(EE FOINNRNSE 0N [N N N[SSHESIES B

BN SN SEQSY FURSASS S0 [ W PRRE BT S| RS

(NN (NE N S THEETITIES

(AN ER[ NI IS E SEEN NN E N
4 9 14 19 24 29 34 39 44 49 54 59

Bit position

X2

al
|

7/

Generation
=3 N w
//,

o

Figure 2: BB identification for the Siy case. Same colored box refers to the genes belonging to a
BB. Vacant spots indicate that the gene is independent.

compact (require less variables) than the internal-coordinate representation for clusters with more
than 6 atoms. Even though there can be infinitely many optimal structures in space-fixed coordi-
nates (due to translation, and rotation), all the studies have shown that space-fixed representation
is better than the internal-coordinate representation in terms of the algorithm efficiency. In the
present study each atom is represented by cartesian coordinates (z,y, z). Each coordinate is rep-
resented by a 5 bit binary string. For eg., a 4 atom cluster is fully represented by a 60 bit string
length.

Niesse and Mayne (1996) state that “the representation in space-fixed coordinates is plainly
contradictory to the spirit of Goldberg’s “building block(BB) hypothesis”; none of the coordinates
stand alone as a meaningful BB.”. This observation is incorrect, a BB need not be meaningful in
the physical sense. A particular allele or set of alleles (of lower order) that have significant effect
on the fitness of individuals form a BB. It might happen that in a given population some genes
are highly correlated and hence form a BB. This claim is illustrated in fig. 2, where the BBs are
as identified by ECGA for the case of 4 atom Si cluster. As can be seen in the figure in the initial
generation the higher order bits of each coordinate form BBs and in the later generations the lower
order bits form BBs. This clearly indicates the domino convergence effect (Thierens, Goldberg, &
Pereira, 1998). This also shows that any crossover operator that does not respect the BBs result
in poor performance. This is mostly the case with single point crossover.

5 Extended Compact Genetic Algorithm (ECGA)

ECGA, proposed by Harik (1999) is based on a key idea that the choice of a good probability
distribution is equivalent to linkage learning. The measure of a good distribution is quantified
based on minimum description length(MDL) models. The key concept behind MDL models is that
given all things are equal, simpler distributions are better than the complex ones. The MDL re-
striction penalizes both inaccurate and complex models, thereby leading to an optimal probability
distribution. Thus, MDL restriction reformulates the problem of finding a good distribution as an
optimization problem that minimizes both the probability model as well as population representa-
tion. The probability distribution used in ECGA is a class of probability models known as marginal
product models (MPMs). MPMs are formed as a product of marginal distributions on a partition
of the genes and are similar to those of CGA (Harik, Lobo, & Goldberg, 1998) and PBIL (Baluja,
1994). Unlike the models used in CGA and PBIL, MPMs can represent probability distributions



for more than one gene at a time. MPMs also facilitate a direct linkage map with each partition
separating tightly linked genes. Hence, in the current study each gene partition would refer to a
BB.

The MPM concept is illustrated as follows: consider 4 bit problem and chose the following
partition [0,2], [1], [3]. This partition implies that 0" and 2"¢ bit are jointly distributed and the
1°* and the 3" bits are independently distributed. Therefore [0,2] can take the following four
values, 00, 01, 10, and 11. The probability distribution for this partition is simply the frequency of
individuals with those bit values. Similarly [1] and [3] can take either 0 or 1 and the proportion of
individuals have on 1 and 0 in the 1% (and similarly in the 3 bit) is the probability distribution
for that partition.

A flowchart of ECGA procedure is given in fig. 3. Two things need further explanation, one is

Initialize Perform Evaluate Have the
N clusters |— Nelder-Mead potential energy clusters
randomly simplex search of each cluster converged

Perform
tournament
selection

Replace N* Pc Create new Build MPM
old clusters c ustlar %&S g using MDL

Figure 3: ECGA procedure

the identification of MPM using MDL and the other is the creation of a new population based on
MPM. The identification of MPM in every generation is formulated as a constrained optimization
problem,

Minimize ~ Cp, 4 Cp, (5)

Subject to
2fbb,i S Np VZ (S [lvabL (6)

where C, is the model complexity which represents the cost of a complex model and is given by

N,
Cr = logy (N, + 1) f (2 = 1), (7)

=1

and C), is the compressed population complexity which represents the cost of using a simple model
as against a complex one and is evaluated as

Ny, 206 N
Cp=>_ > Nilogy | =, (8)
i=1 j=1 Nij

Ny, in the equations represent the number of BBs, ¢4, is the length of BB i € [1, Ny, N;; is the
number of chromosomes in the current population possessing bit-sequence j € [1,2%b] for BB i.
The constraint (eqn. 6) arises due to finite population size.

!Note that a BB of length k has 2F possible sequences where the first sequence denotes be 00---0 and the last
sequence 11---1



A new population is generated based on the optimal MPM as follows, population of size N,(1— F.)
where P, is the crossover probability, is filled by the best individuals in the current population. This
differs from the original ECGA procedure (Lobo & Harik, 1999) in which N,(1 — P.) individuals
were taken to be the last N,(1 — P.) individuals of the current generation irrespective of their
fitness. The rest N,P. individuals are generated by randomly choosing subsets from the current
individuals. These subsets are the gene groups identified by the current MPM. This procedure is
also different from the original ECGA procedure in which the subsets were chosen by probabilistic
polling. The original procedure leads to a stochastic method were as the one used in the current
study is a deterministic method in which the frequencies of the bit sequence of a particular subset
remains constant. However, it has been observed that the outcome of both the methods are similar
and in fact the deterministic method is computationally much faster.

6 Algorithm Description

The objective of the cluster optimization problem is to minimize the total potential energy and
thereby determine the lowest energy structure. As stated before we have encoded the positions
of the atoms in cartesian coordinates using a 5 bit binary string for each coordinate. The initial
population is generated randomly, with each coordinate sampled uniformly between (0,0\3/6_71),
were 0 = 2.0591. These structures are then relaxed using a local search method, in our case a
Nelder-Mead simplex method. Nelder-Mead simplex requires m + 1 initial points for an m variable
problem. The initial points for every individual in a population is generated by adding a uniform
random variabe between (0,0.1* o) to one of variables. For eg. if we are solving for a 4 atom
cluster, then we have 12 variables. Therefore we need 13 initial clusters for the simplex method.
A given individual would account for one initial value, and the rest 12 are generated by adding a
uniform random value to one of the 12 variables of the given individual.

Unlike Iwamatsu (2000) who ran the simplex algorithm till a tolerance of 10~¢ was reached,
we just run it till a tolerance of 1073 is reached. There are two ways of incorporating the solution
obtained by the local search, one is just to assign the fitness of the local search to individual without
changing the structure (Baldwinian approach) and the other is the assign both the fitness as well
as the structure to the individual (Lamarckian). A rule of thumb states that Baldwinian approach
should be applied for 95% of the time and Lamarckian for the rest 5%. However the present case
seems to be an exception, because a preliminary study indicated that a fully Lamarckian approach
is superior to the 95% Baldwinian approach. Therefore in the remainder of the study we have used
a 100% Lamarckian approach.

These relaxed structures are then subjected to a tournament selection without replacement.
i.e., a given number of individuals are selected from the current generation and the individual with
minimum potential energy is transferred to a mating-pool. This procedure is repeated till the
mating pool has exactly N, individuals. In the present study we used tournament sizes of 8, 16,
and 20. All the results reported in the present study, unless otherwise mentioned, are averages
of 25 independent runs. The Nelder-Mead simplex algorithm was adopted from (Press, Flannery,
Teukolsky, & Vettering, 1989).

The convergence criteria used were as follows (1) the variance of fitness of the population is
less than 0.1, or (2) the variance of bit values of the population is less than 0.1, whichever occurs
first. The minimum population size, convergence time and the number of function evaluations were
evaluated when the ECGA failed at most once out of 25 runs. Therefore the reliability of the
algorithm was set to 96%. These criteria are much more stringent than those existing in literature
that just require one out of 10 runs (reliablity of 10%) to reach the global minima.



7 Results and Discussion
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Figure 4: Optimal structures and their total potential energy (in units of ¢ = 2.17 eV) predicted
by ECGA for different cluster sizes.

The optimal structures obtained for different cluster sizes along with their potential energy (in
units of € = 2.17 eV) are shown in fig. 4. All the structures predicted by ECGA agree with those
in literature (Iwamatsu, 2000) indicating that ECGA was successful in reaching global optimum
effectively. Illustrations of a single GA run for the case of 6 and 7 atom clusters are given in figs. 5
and 6 respectively. It can be seen in both cases that in the initial generation the structure is very
bad, but ECGA quickly converges to a structure close to the optimal structure and then slightly
modifies it to reach the global structure. The energy variation is only in the second or third decimal
place in those stages.

The minimum population size required for different cluster sizes is shown in fig. 7. The minimum
population size scales up with the size of the cluster as O (n4'2). The number of generations taken
by ECGA for different cluster sizes is shown in fig. 8. The results show that ECGA converges
much faster than those existing in literature, even though the reliability and convergence criteria
are much more stringent. This emphasizes the effectiveness of having good operators that preserve
good BBs. Finally the number of function evaluations taken by ECGA for different size clusters
is shown in fig. 9. The number of function evaluations scales up with the size of the cluster as
@) (n8'2). It has to be noted that the high reliability constraint is the reason why the algorithm
scales so badly. If fact, if the reliability constraint is reduced to 80%, then the minimum population
size scales up as O (n0'86) and the number of function evaluations scales up as O (n2‘1). As far as
we know all the reliability restrictions of all the other existing cluster optimization algorithms are
very low (about 10%).



Figure 6: Example of a single GA run for 7 atom cluster.

8 Conclusion

We have developed a hybrid competent genetic algorithm that utilizes Nelder-Mead simplex algo-
rithm for optimizing small silicon clusters. We have successfully predicted optimal structures for
clusters of size 4-11. These results agree with those in literature. Furthermore, we have empirical
evidence that the number of function evaluations and the population size increase with the number
of atoms in a cluster as O (n*?) and O (n®?) respectively. The results indicate that more efficient
algorithms have to be designed that retain the high reliability of the proposed technique but would
have a better scale-up behavior.
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