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Abstract

This paper presents an e±cient cluster optimization algorithm. The proposed algorithm
usesextended compact genetic algorithm (ECGA), one of the competent genetic algorithms
(GAs) coupled with Nelder-Mead simplex local search. The lowest energy structures of silicon
clusters with 4-11 atoms have been successfullypredicted. The minimum population size and
total number of function (potential energy of the cluster) evaluations required to converge to
the global optimum with a reliabilit y of 96%have beenempirically determined and are O

¡
n4:2

¢

and O
¡
n8:2

¢
respectively. The results obtained indicate that the proposedalgorithm is highly

reliable in predicting globally optimal structures. However, certain e±ciency techniqueshave to
be employed for predicting structures of larger clusters to reduce the high computational cost
due to function evaluation.

1 In tro duction

One of the challenging problems in computational chemistry is the determination of lowest energy
structures of atomic and molecular clusters. This can be attributed to the presenceof a large
number of minima such clusters can possess.A cluster of only 13 atoms has more than 103 local
minima (Niesse& Mayne, 1996). Some studies (Hoare, 1979; Northby, 1987) estimate that the
number of local minima increase as rapidly as exp

¡
n2¢

, where n is the number of atoms in a
cluster. Wille and Vennik (1985) have proved that the determination of lowest energy cluster,
interacting under two-body central force, is an NP-hard problem. Therefore an exhaustive search
of all possiblestructures in not feasible,thus necessitatingusageof global optimization techniques.

One of the promising global optimization techniques are Genetic algorithms (GAs) (Goldberg,
1989). GAs are search methods inspired by nature and are basedon Darwin's principle of survival
of the ¯ttest . GAs employ a population of candidate solutions and utilize genetic operators like
reproduction, recombination, and mutation to create new candidateswith higher ¯tness. Recently
a classof GAs called competent GAs have beenproposed(Goldberg, 1999) which are far superior
to the conventional GAs. Competent GAs are de¯ned asGAs that can solve hard problemsquickly,
reliably and accurately. In essence,competent GAs take problemsthat wereintractable with earlier
GAs and renders them tractable.

The objective of the current study is to employ extended compact genetic algorithm (ECGA)
(Harik, 1999), one of the competent GAs for the task of cluster optimization and to evaluate its
e®ectivenessin predicting globally optimal structures. Silicon clusters are taken as a test case.We
have successfullypredicted optimal structures for small clusters (n = 4-11) and e®ortsare currently
under way to predict structures of bigger clusters. This paper is structured as follows: First we
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present a brief literature review followed by a note on the atomic potential used in the present
study. Section 4 describes the parameter encoding procedure and a brief description of ECGA is
presented in section5. The cluster optimization algorithms is described in section6 and the results
obtained are discussedin section 7 followed by conclusions.

2 Literature Review

Recently there has been considerableinterest in employing GAs for solving cluster optimization
problems (Niesse & Mayne, 1996; Gregurick & Alexander, 1996; Zeiri, Fattal, & Koslo®, 1995;
Iwamatsu, 2000; Hartke, 1993; Hartke, 1995). Judson (1997) has shown that GAs outperform
the traditional Monte Carlo based simulated annealing method. Zeiri (1997) reports that GAs
are superior to simulated annealing in predicting the geometry of Ar nH2. GAs were successful
in predicting the optimal structure for C60 (Deaven & Ho, 1995) atom and simulated annealing
failed for the same case. In the above study the authors used a geometric crossover to create
new individuals. Hartke (1993) used a simple GA to predict the structure of Si4 and Si10 on a
semi-empirical potential. Gregurick et al. proposeda hybrid GA, in which they combined a binary
coded GA and a conjugate gradient local search. They reported signi¯cant improvement in the
performancewhen compareda GA without local search method. Niesseand Mayne (1996) modi¯ed
this hybrid GA by encoding real values instead of binary. Iwamatsu (2000) used a Nelder-Mead
simplex (Press, Flannery, Teukolsky, & Vettering, 1989) instead of a conjugate gradient technique
to predict the cluster structure of Sin (n = 3-15).

In most of the studies on cluster optimization with GA, researchers have used operators like
proportionate selection, single point crossover, etc. Proportionate selectionhas various drawbacks,
the scaling problem being the foremost. Single point crossover is known to disrupt good building
blocks and thereby increasethe convergencetime as well as population size required. It has been
shown in recent works (Goldberg, Thierens, & Deb, 1993; Thierens, 1994; Thierens & Goldberg,
1993) that ensuring e®ective building block (BB) mixing is an integral part of e±cient GA design.
These studies also showed that this could be achieved through a tight linkageof the set of alleles
belongingto a BB. Basedupon this conceptmany novel competent GA designshave beenproposed
which can be broadly classi¯ed into three groups; (1) Perturbation techniques like fast messyGA
(FMGA) (Goldberg, Deb, Kargupta, & Harik, 1993), geneexpressionmessyGA (GEMGA) (Kar-
gupta, 1996), Linkage identi¯cation by nonlinearity check/Link age identi¯cation by detection GA
(LINC/LIMD GA) (Munetomo & Goldberg, 1999), (2) Linkageadaptation techniques like linkage
learning GA (LLGA) (Harik & Goldberg, 1997), and (3) Probabilistic model basedtechniques like
extended compact GA (ECGA) (Harik, 1999) and Bayesian optimization algorithm (BOA) (Pe-
likan, Goldberg, & Cantu-Paz, 2000). Sastry and Goldberg (2000) successfullyapplied ECGA for
optimizing a binary °uid power cycle formulated as a nonlinear constrained problem. They also
reported semi-empirical relations for the convergencetime and the population sizerequired.

3 Silicon Poten tial

Many researchers have used either the empirical potential proposed by Stillinger and Weber
(1985) (SW) or the Terso®potential (Terso®,1988) for calculating the potential energy of silicon
clusters. Terso®potential is a two body potential where as SW potential is a two and three
body potential. However, although thesepotentials have satisfactorily predicted somebulk phase
properties, they are not accurate in predicting the structural properties (Gong, 1993). The three-
body term in SW potential becomeszero only for the perfect tetrahedron angle (» 120±). On the
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contrary , ab initio molecular dynamics calculations indicate a large peak at 60± and a smaller peak
at 100± (Gong, 1993). The Gong potential, basedon SW potential, contains a correction in the
three-body term to incorporate not only the tetrahedral angle but also the preferred angle. The
Gong potential is of the following form

Utot =
nX

i<j

v2(i; j ) +
nX

i<j <k

v3(i; j ; k) (1)

v2(i; j ) = A
³
B r ¡ p

ij ¡ r ¡ q
ij

´
exp

h
(r ij ¡ a)¡ 1

i
; jr ij j < a; (2)

v3(i; j ; k) = h (r j i ; r ki ) + h (r kj ; r ij ) + h (r ik ; r j k ) ; (3)

h (r j i ; r ki ) = ¸ exp
h
°

³
(r ij ¡ a)¡ 1 + (r ki ¡ a)¡ 1

´i µ
cosµj ik +

1
3

¶ 2

h
(cosµj ik + c0)2 + c1

i
; jr ij j ; jr ki j < a; (4)

whereUtot is the potential energyof the cluster, v2(i; j )

Figure 1: Angular part of the three-
body term of SW and Gong poten-
tial. Reproduced from Iwamatsu, M.
J. Chem. Phys. 112 10976(2000)

is the two-body term, v3(i; j ) is the three-body term, r ij =
j~r i ¡ ~r j j, and µj ik is the anglesubtendedby r j i and r ki with
the vertex at i. A, B, p, q, a, ¸ , ° , c0, and c1 are the em-
pirical parametersdetermined by ¯tting to the bulk-phase
data and ab initio calculations. The angular part of the
gongpotential is given by the term ¸

h
(cosµj ik + c0)2 + c1

i

and it incorporates the preferred bond angle. A compar-
ison of the three-body term of SW and Gond potentials
for di®erent anglesis shown in ¯g. 1. Gong reported that
the structural properties predicted by his proposedpoten-
tial agreed very closely with those obtained by ab initio
studies and also was a signi¯cant improvement over other
potentials. Iwamatsu (2000) has compared the optimal
structures predicted by the two-body, two-and-three-body
SW potentials and the Gong potentials for Si clusters (n =
3-15). In the current study we have used Gong potential
with both two-body and three-body terms to calculate the
total potential energyof a given cluster.

4 Parameter Enco ding

Traditionally GAs encode the variables into binary strings (Goldberg, 1989). However, recently
some researchers have employed real values instead of binary encodings for solving cluster opti-
mization problems (Zeiri, Fattal, & Koslo®, 1995; Niesse& Mayne, 1996; Iwamatsu, 2000). They
have reported signi¯cant improvement over binary coded GAs. However, in this study, we have
used binary codings since all the competent GAs proposedso far are for binary coded GAs and
linkagelearning in real-coded GAs are still in the preliminary stages(Tsutsui, Goldberg, & Sastry,
2000).

The other choiceto be madeis the representation of the clusters. Earlier studieshave employed
internal coordinates (inter-atomic distances), where as someof the recent studies have employed
space-¯xedcartesian coordinates (Niesse& Mayne, 1996;Gregurick & Alexander, 1996;Zeiri, Fat-
tal, & Koslo®, 1995; Iwamatsu, 2000). The space-¯xed coordinates require 3n variables, whereas
the internal-coordinates have n(n-1)/2 variables. Therefore, the space-¯xed coordinates are more
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Figure 2: BB identi¯cation for the Si4 case. Samecolored box refers to the genesbelonging to a
BB. Vacant spots indicate that the geneis independent.

compact (require lessvariables) than the internal-coordinate representation for clusters with more
than 6 atoms. Even though there can be in¯nitely many optimal structures in space-¯xed coordi-
nates (due to translation, and rotation), all the studies have shown that space-¯xedrepresentation
is better than the internal-coordinate representation in terms of the algorithm e±ciency. In the
present study each atom is represented by cartesian coordinates (x; y; z). Each coordinate is rep-
resented by a 5 bit binary string. For eg., a 4 atom cluster is fully represented by a 60 bit string
length.

Niesseand Mayne (1996) state that \the representation in space-¯xed coordinates is plainly
contradictory to the spirit of Goldberg's \building block(BB) hypothesis"; none of the coordinates
stand alone as a meaningful BB.". This observation is incorrect, a BB neednot be meaningful in
the physical sense.A particular allele or set of alleles (of lower order) that have signi¯cant e®ect
on the ¯tness of individuals form a BB. It might happen that in a given population somegenes
are highly correlated and henceform a BB. This claim is illustrated in ¯g. 2, where the BBs are
as identi¯ed by ECGA for the caseof 4 atom Si cluster. As can be seenin the ¯gure in the initial
generation the higher order bits of each coordinate form BBs and in the later generationsthe lower
order bits form BBs. This clearly indicates the domino convergencee®ect(Thierens, Goldberg, &
Pereira, 1998). This also shows that any crossover operator that does not respect the BBs result
in poor performance. This is mostly the casewith single point crossover.

5 Extended Compact Genetic Algorithm (ECGA)

ECGA, proposed by Harik (1999) is based on a key idea that the choice of a good probabilit y
distribution is equivalent to linkage learning. The measureof a good distribution is quanti¯ed
basedon minimum description length(MDL) models. The key conceptbehind MDL models is that
given all things are equal, simpler distributions are better than the complex ones. The MDL re-
striction penalizesboth inaccurate and complex models, thereby leading to an optimal probabilit y
distribution. Thus, MDL restriction reformulates the problem of ¯nding a good distribution as an
optimization problem that minimizes both the probabilit y model as well as population representa-
tion. The probabilit y distribution usedin ECGA is a classof probabilit y modelsknown asmarginal
product models (MPMs). MPMs are formed as a product of marginal distributions on a partition
of the genesand are similar to those of CGA (Harik, Lobo, & Goldberg, 1998) and PBIL (Baluja,
1994). Unlike the models used in CGA and PBIL, MPMs can represent probabilit y distributions
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for more than one geneat a time. MPMs also facilitate a direct linkage map with each partition
separating tightly linked genes. Hence, in the current study each genepartition would refer to a
BB.

The MPM concept is illustrated as follows: consider 4 bit problem and chose the following
partition [0,2], [1], [3]. This partition implies that 0th and 2nd bit are jointly distributed and the
1st and the 3rd bits are independently distributed. Therefore [0,2] can take the following four
values,00, 01, 10, and 11. The probabilit y distribution for this partition is simply the frequencyof
individuals with those bit values. Similarly [1] and [3] can take either 0 or 1 and the proportion of
individuals have on 1 and 0 in the 1st (and similarly in the 3rd bit) is the probabilit y distribution
for that partition.
A °owchart of ECGA procedure is given in ¯g. 3. Two things need further explanation, one is

Have the
clusters

converged

Initialize
N clusters
randomly

Perform
Nelder-Mead
simplex search

Evaluate 
potential energy
of each cluster

End

Perform
tournament
selection

Build MPM
using MDL

Create new
clusters using

MPM

Replace N*Pc
old clusters

No

Yes

Figure 3: ECGA procedure

the identi¯cation of MPM using MDL and the other is the creation of a new population basedon
MPM. The identi¯cation of MPM in every generation is formulated as a constrained optimization
problem,

Minimize Cm + Cp; (5)

Subject to

2`bb;i · Np 8i 2 [1; Nbb]; (6)

where Cm is the model complexity which represents the cost of a complex model and is given by

Cm = log2(Np + 1)
NbbX

i =1

³
2`bb;i ¡ 1

´
; (7)

and Cp is the compressedpopulation complexity which represents the cost of using a simple model
as against a complex one and is evaluated as

Cp =
NbbX

i =1

2` bb;iX

j =1

N ij log2

Ã
Np

N ij

!

; (8)

Nbb in the equations represent the number of BBs, `bb;i is the length of BB i 2 [1; Nbb], N ij is the
number of chromosomesin the current population possessingbit-sequencej 2 [1; 2`bb;i ]1 for BB i .
The constraint (eqn. 6) arisesdue to ¯nite population size.

1Note that a BB of length k has 2k possible sequenceswhere the ¯rst sequencedenotes be 00¢¢¢0 and the last
sequence11¢¢¢1
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A new population is generatedbasedon the optimal MPM asfollows, population of sizeNp(1 ¡ Pc)
wherePc is the crossover probabilit y, is ¯lled by the best individuals in the current population. This
di®ers from the original ECGA procedure (Lobo & Harik, 1999) in which Np(1 ¡ Pc) individuals
were taken to be the last Np(1 ¡ Pc) individuals of the current generation irrespective of their
¯tness. The rest NpPc individuals are generatedby randomly choosing subsetsfrom the current
individuals. These subsetsare the genegroups identi¯ed by the current MPM. This procedure is
also di®erent from the original ECGA procedurein which the subsetswere chosenby probabilistic
polling. The original procedure leads to a stochastic method were as the one used in the current
study is a deterministic method in which the frequenciesof the bit sequenceof a particular subset
remainsconstant. However, it hasbeenobserved that the outcomeof both the methods are similar
and in fact the deterministic method is computationally much faster.

6 Algorithm Description

The objective of the cluster optimization problem is to minimize the total potential energy and
thereby determine the lowest energy structure. As stated before we have encoded the positions
of the atoms in cartesian coordinates using a 5 bit binary string for each coordinate. The initial
population is generated randomly, with each coordinate sampled uniformly between

³
0; ¾3

p
6n

´
,

were ¾ = 2:0591. These structures are then relaxed using a local search method, in our casea
Nelder-Meadsimplex method. Nelder-Meadsimplex requiresm + 1 initial points for an m variable
problem. The initial points for every individual in a population is generatedby adding a uniform
random variabe between (0; 0:1 ¤ ¾) to one of variables. For eg. if we are solving for a 4 atom
cluster, then we have 12 variables. Therefore we need 13 initial clusters for the simplex method.
A given individual would account for one initial value, and the rest 12 are generatedby adding a
uniform random value to one of the 12 variables of the given individual.

Unlike Iwamatsu (2000) who ran the simplex algorithm till a tolerance of 10¡ 6 was reached,
we just run it till a tolerance of 10¡ 3 is reached. There are two ways of incorporating the solution
obtained by the local search, oneis just to assignthe ¯tness of the local search to individual without
changing the structure (Baldwinian approach) and the other is the assignboth the ¯tness as well
as the structure to the individual (Lamarckian). A rule of thumb states that Baldwinian approach
should be applied for 95% of the time and Lamarckian for the rest 5%. However the present case
seemsto be an exception, becausea preliminary study indicated that a fully Lamarckian approach
is superior to the 95%Baldwinian approach. Therefore in the remainder of the study we have used
a 100%Lamarckian approach.

These relaxed structures are then subjected to a tournament selection without replacement.
i.e., a given number of individuals are selectedfrom the current generationand the individual with
minimum potential energy is transferred to a mating-pool. This procedure is repeated till the
mating pool has exactly Np individuals. In the present study we used tournament sizesof 8, 16,
and 20. All the results reported in the present study, unless otherwise mentioned, are averages
of 25 independent runs. The Nelder-Mead simplex algorithm was adopted from (Press, Flannery,
Teukolsky, & Vettering, 1989).

The convergencecriteria used were as follows (1) the variance of ¯tness of the population is
lessthan 0.1, or (2) the variance of bit valuesof the population is lessthan 0.1, whichever occurs
¯rst. The minimum population size,convergencetime and the number of function evaluations were
evaluated when the ECGA failed at most once out of 25 runs. Therefore the reliabilit y of the
algorithm was set to 96%. Thesecriteria are much more stringent than those existing in literature
that just require one out of 10 runs (reliablit y of 10%) to reach the global minima.
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7 Results and Discussion

pentagonal bipyramid
Unicapped distorted

U = -11.5346
Tricapped trigonal

prism, U = -13.5999
Bicapped tetragonal

antiprism, U = - 15.6487

Tetrahedron
U = -4.0016 

Compressed trigonal
bipyramid, U = -5.7518 Octahedron

U = -7.6696 Pentagonal bipyramid
U = -9.6240

Figure 4: Optimal structures and their total potential energy (in units of ² = 2.17 eV) predicted
by ECGA for di®erent cluster sizes.

The optimal structures obtained for di®erent cluster sizesalong with their potential energy (in
units of ² = 2.17 eV) are shown in ¯g. 4. All the structures predicted by ECGA agreewith those
in literature (Iwamatsu, 2000) indicating that ECGA was successfulin reaching global optimum
e®ectively. Illustrations of a single GA run for the caseof 6 and 7 atom clusters are given in ¯gs. 5
and 6 respectively. It can be seenin both casesthat in the initial generation the structure is very
bad, but ECGA quickly convergesto a structure closeto the optimal structure and then slightly
modi¯es it to reach the global structure. The energyvariation is only in the secondor third decimal
place in those stages.

The minimum population sizerequired for di®erent cluster sizesis shown in ¯g. 7. The minimum
population sizescalesup with the sizeof the cluster as O

¡
n4:2¢

. The number of generationstaken
by ECGA for di®erent cluster sizesis shown in ¯g. 8. The results show that ECGA converges
much faster than those existing in literature, even though the reliabilit y and convergencecriteria
are much more stringent. This emphasizesthe e®ectivenessof having good operators that preserve
good BBs. Finally the number of function evaluations taken by ECGA for di®erent size clusters
is shown in ¯g. 9. The number of function evaluations scalesup with the size of the cluster as
O

¡
n8:2¢

. It has to be noted that the high reliabilit y constraint is the reasonwhy the algorithm
scalessobadly. If fact, if the reliabilit y constraint is reducedto 80%, then the minimum population
sizescalesup as O

¡
n0:86¢

and the number of function evaluations scalesup as O
¡
n2:1¢

. As far as
we know all the reliabilit y restrictions of all the other existing cluster optimization algorithms are
very low (about 10%).
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Gen 0 Gen 1
Gen 2 Gen 3

Gen 4
Gen 5

Gen 6Gen 7

Figure 5: Example of single GA run for 6 atom cluster.

Gen 8 Gen 5,6,7 Gen 4

Gen 3

Gen 0

Gen 1,2

Figure 6: Example of a single GA run for 7 atom cluster.

8 Conclusion

We have developed a hybrid competent genetic algorithm that utilizes Nelder-Mead simplex algo-
rithm for optimizing small silicon clusters. We have successfullypredicted optimal structures for
clusters of size4-11. Theseresults agreewith those in literature. Furthermore, we have empirical
evidencethat the number of function evaluations and the population sizeincreasewith the number
of atoms in a cluster as O

¡
n4:2¢

and O
¡
n8:2¢

respectively. The results indicate that more e±cient
algorithms have to be designedthat retain the high reliabilit y of the proposedtechnique but would
have a better scale-upbehavior.
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